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A four-dimensiona real algebra €I containing a subalgebra © isomorphic to the complex
numbersisleft C-associative (with respect to @) if € is abimodule with respect to © ad
L(MR) = (LM)R whenever L is inG. (Middle and right L-associativity are defined similarly.)
This article contains a survey of results about algebras having one or more C-associative
properties.

1. INTRODUCTION

In 1843, William Rowan Hamilton invented the four-dimensional associative red
algebra he called the quaternions. He had originaly hoped to find a three-
dimensional analog of the complex number system, but as was later proved, none
exists. Asis well-known, Hamilton's creation of the quaternions required a move
away from the security of the commutative law of multiplication. As Frobenius (and
two others independently) proved, the inventive process ends if there are no further
weakenings of general laws about multiplication: the only four-dimensional
associative real division algebraisthe quaternions[13], [10], [15].

However, if one is willing to weaken associativity, new opportunities open up.
Assumptions of dternativity, i.e. (xx)y = x(xy) and x(yy) = (Xy)y or power
associativity, i.e. x(x2) =x2x and (x2x)x = (x?)2 [1] were among the first to
lead to interesting new non-associative algebras [14]. In this paper, we survey a
relatively recently studied class of four-dimensional real algebras. those which
contain a copy of the complex numbers and satisfy what we cdl C-associative
properties. These properties produce relatively smple multiplication tables for the
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basis dements of the algebras. In turn, the tables produce a framework for the
classification of the algebras in various ways. isomorphism classes, derivation
algebras, and number of generators.

DEFINITIONS[6]. Let €& be an algebraover R containing an isomorphic copy
© of the complex numbers with respect to which € isa ©-bimodule; that is,
such that L(MR) = (LM)R whenever any twoof L, Mor Raein ©. The
agebra? iscalled

(i) left C-associative if L(MR) = (LM)R,foral L in © and M,R in &;

(i) middle T-associative if L(MR) =(LM)R,fordl M in € and L,R in C;

(iii) right C-associative if (LM)R=L(MR),foral Rin & and L,M in €.
We consider three types of T -associative agebras.

(@ strictly left (or middle or right ) Z-associative algebras which satisfy only

one of the corresponding conditions (i) - (iii);

(b) two-T-associative algebras which satisfy exactly two of the conditions;

(o) fully-T-associative algebras which satisfy all three conditions.
If afiniteedimensional real agebra € contains a copy © of the complex
numbersand € isa©-bimodule, then because € isavector space over €, @
must be even-dimensional over R. For therest of this paper, @ issuch an
algebra of real dimension four with subalgebra ©. We denote the identity

elementof © (and @) by 1, identify IR with R-1 in ¢, andlet i in ©
satisfy i2=-1.

Thefirst result, which depends only on the assumptionthat € isa ©-bimodule,
gives a multiplication table for € in which the first two rows and columns are
very simple.
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PrROPOSITION 1.1. If J liesin@ - @, then {1,i, J, iJ} isabasisfor € over
IR. Furthermore, either € iscommutative or thereexistsa J withiJ+ Ji = 0.

Proof. See[3].

THE COMMUTATIVE CASE

One can obtain a complete classification of commutative algebras €1 into one of
three types.

PROPOSITION 1.2. If € isboth commutative and left (or right) C-associative,
then C isfully-C-associative and hasabasis{1,i, J, iJ} with respect to which it
has exactly one of the following two tables:

1 i J iJ

1 1 I J 1J

(S) i [ -1 iJ -J
J J iJ 0 0

iJ iJ -J 0 0

1 I J 1J

1 1 I J 1J

(S2) i [ -1 iJ -J
J J iJ -1 -1

iJ iJ -J -1 1

Proof. SeeLemma?2in[6] and Theorem 3in[3].

The algebrawith table (S;) turns out to be Peirce's associative algebra [12]. (See
[15].) The adgebra with table (S;) is not associative. However, it is
(C-associative with respect to exactly two distinct subalgebras with respective
bases {1,i} and {1, J}.
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THEOREM 1.3. If € iscommutative and strictly middle (T-associative, then €
has atable of the form

1 i J iJ
1 1 I iJ
(To) i i -1 iJ -J
J J 1J a+hi f+gi+hd
iJ 1J -J f+gi+hJ -a- bi

where h iseither 0 or 1. Such an algebrais isomorphic to another with corre-
sponding parameters &, b', ', ', ' if and only if either

(i) h=h"=0 andthereexist r>0 and 0 such that

@ bD:rR fa  xb'0
H od Bt gQ
or (ii) h=h=1 and

@ bg pga b0

H oF Br ogB”

] %3 3sV3B ]
@ bO_ U, 5 Oa  £b'0 2 _
H QH_EF\_E B B+ RZTMEH' , Hwhere =1

_ . [Tosa —Sna[]
Here R, denotes the rotation matrix .
%m a cosda H

Proof. See[5].

By Lemmal.2 in[5], astrictly middle €-associative commutative algebra has
exactly one two-dimensional subalgebrawith respect to which it ismiddle
(C-associative.
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THE NONCOMMUTATIVE CASE

In the noncommutative case, the classfication of (C-associative algebras with
respect to isomorphism typesis more intricate. It involves by identifying canonical
multiplication tables for each type.

PrROPOSITION 1.4. If ¢ isanoncommutative G-bimodule, then €I has a basis

{1,i, 3,18} suchtha J=TJ forevery ¢ G, where T denotes the usua
complex conjugate of c. Thus, € hasatableof theform

1 | J iJ
1 1 I J iJ
i [ -1 iJ -J
J J -iJ * *
iJ iJ J * *

Proof. See Corollary 5in[3].

If (€1, ) isan algebra, the opposite algebra (C1OPP, o) is the set of dements of
€1 with the operation o definedby AoB =B+ A. Clearly, (¢, ¢) isright
C-associative if and only if (%OPP, o) is left T-associative. Note that if
{1,i,J,i+J isabasisfor @ then{1,i,JioJ isabasisfor 9PP, Because
of these facts it is generaly unnecessary to study right (€-associative agebras

directly. For left and middie T-associative algebras, the multiplication tables are
given explicitly asfollows.
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THEOREM 1.5. €1 isnoncommutative and left T-associativeif and only if it hasa
table of theform

1 i J iJ

1 1 i J iJ

(Ty) i i -1 iJ -
J J -iJ at+tbi+cJ+diJ f+gi+hJ+kid
iJ 1J J -b+a-dJ+cJ -g+fi-kJ+hid

21 isnoncommutative and middle C-associativeif and only if it has atable of the
form

1 i J iJ

1 1 i J iJ

(Trm) i i -1 iJ -J
J J -iJ at+tbi+cJ+diJ f+gi+hJ+kid
iJ 1J J -f-gi-hJ-kid a+bi +cJ+diJ

Proof. See[4] and [5].

When an agebra satisfies more than one level of T-associativity, itstable takesa
more specialized form:

THEOREM 1.6. Analgebra € with Table (Ty) is

(i) leftandright (C-associative with respect to spar{ 1, i} if and only if
f=b,g=-ah=-d, and k=c¢;
(i) leftand middle (T-associative with respect to span{ 1, i} if and only if
f=b,g=-ah=d,and k=-c;
Analgebra ¢ with Table (T, is

(ili)  left and middle T-associative with respect to span{1, i} if and only if
f=b,g=-a h=d,and k=-¢;
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(iv) right and middle T-associative with respect to span{1, i} if and only if
f=b,g=-ah=-d,and k=c;
Anagebra €& withTable (Ty) or Table(T,,) is

(v) fully-C-associative with respect to spar{ 1, i} if and only if
f=b,g=-aand c=d=h=k=0;
(vi) associativeif and only if
g=-aand b=c=d=f=h=k=0;
(vit)  isomorphic to the quaternion algebraif and only if
g=-a>0and b=c=d=f=h=k=0.

Proof. See[4] and [5]. In the case of algebras satisfying (vi) or (vii), the basis
changeto {1, i, JAfla| J iJ[a| } makes P = +1. Thus, there are redly
only two distinct associative (L-associative algebras.

THEOREM 1.7. Unless the algebra € with Table (Ty) or Table (T, is

associative, the only subalgebra with respect to which it satisfies any
(C-associative property isthe subalgebragenerated by 1 and .

Proof. Seethe argumentsin Theorem 6.8 in [4] or Theorem 6.2 in [5].

2. C-ASSOCIATIVE DIVISION ALGEBRAS

Recall that a division algebra is an dgebra in which the equations ax = b and
xa = b have unique solutions if a# 0. In the finite dimensiona case this is
equivalent to the absence of zero-divisors (i.e. products ab = 0 in which neither a
nor b is 0). [9] The only associative red divison agebras are the reds
themselves, the complex numbers and the quaternions.
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It is natura to ask which of the ([-associative agebras are division algebras.
Commutative four-dimensional rea algebras cannot be division algebras [16] and
thus our search is restricted to the noncommutative case. The following theorem
answers our question.

THEOREM 2.1. Theagebra € with Table (Ty) or Table (T,,) is adivison
algebraif and only if A >0 and the polynomial

P(u) = (U2 + Bu+ A)2- u[(Cu+ D)2+ (Fu+ G)?
has no positive roots, where

A =Dbf -ag C=c+k F=d-h
B=g-a+ck-dh D =cg- bh + df - ak G=ah-Dbk-cf+dg

Proof. See[4] and [5].

Sturm's Theorem yields conditions on the coefficients of a quartic that guarantee it
will have no postive roots. (See [12].) Except in the following special cases,
these conditions appear to be difficult to obtain explicitly:

The quaternion algebra: P(u) = (u + 1)*
Fully-T-associative algebras; P(u) = [(u - a2 + b3?
Here P(u) has no positive rootsif and only if (i)b#0or else(ii)b=0anda<0
Two-T-associative algebras; P(u) = [(u - @)2 - (¢2 + ddu + b?]2
Here P(u) has no positive rootsif and only if (2a+ ¢2 + d?)2 < 4(a2 + b?); See
Theorem 10in [6].

We now turn to the question: what are the isomorphism classes of division
algebras having (C-associative conditions?

In Theorems 2.2 and 2.3 we suppose & and ® are algebras with tables of
theform (T ) or (T) with respect to bases {1, i, J, iJ} and {1,i",J',i'J'}.

Parametersin thetablefor ® will bedenoted &, b',=, k'.
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THEOREM 2.2. Left ([-associative adgebras € and # with tables of the form
(T,) areisomorphic if and only if there exist real numbers r # 0 and 6 such

thet

B:D:rR aoc' O
BHH Hh'H
rR Fd'0
H<H "He H
@+90_ R ga+g 0O
Ea fH Rty - £yH
L08-9 O

Ha+fE EXCRIRIE

Proof. See Theorem 3.5in [4].

THEOREM 2.3. Middle but not fully T-associative rea division algebras € and
% with tables of the form (T,) are isomorphic if and only if there exist red

numbers r#0 and 6 such that
c dg DC id’%
0

b okH B o«
@ ZDa +b'O
H 95_ =+ g H

Proof. See Theorem 3.3in [5].
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3. DERIVATIONS

DEFINITION. If & isanalgebraover aring ., aderivationof & isan #.-linear
transformation &: & 0 & suchthat d(xy) = xd(y) + d(X)y, for dl x,y in &.
The set of derivationsof & formsaliealgebra, Der &.

Benkart and Osborn [11] classified finite-dimensiona rea division agebras
according to their derivation algebras. (L-associative algebras can aso be
classified according to their derivation algebras.

Commutative (L-associative algebras are given by the three tables (Sy), (Sp), and

(To). Thederivation algebras for the first two algebras are given in Theorem 11 in

[6]. The derivation algebra for the middle C-associative algebra is given in
Theorem 4.2in[5]. In summary:

@ if € hasTable(S,), then Der €1 isthe abelian two-dimensional red Lie
algebra;

(b) otherwise Der ¢t ={0};
Theorems 12 and 13 in [6] and Theorem 4.1 in [4] describe the derivation

algebrasfor dl noncommutative four-dimensional |eft-T-associative algebras (and
henceright T-associative algebras). In summary:

(i)  When € isfully C-associative, so ¥ =a+ bi:
@ if bZ0,then Der &t OR;
(b) if a=b=0,thenDer ¢ isanonabelian semidirect product of two
abelian two-dimensional Lie algebras,
(© if b=0 and a>0, then Der &1 Odl,(RR);

(d) if b=0 and a<0, then Der €1 isisomorphic to the vector
product algebra (IR3, ).
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(i) When €1 isnoncommutative and left and either right or middle
C-associative: Der ¢ ={0}.

@iii)  When € isnoncommutative and strictly left C-associative: Der & ={0}.

The situation for noncommuitative strictly middle T-associative algebras includes
two other cases:

(iv) If Q1 hasTable(T,) and (c,d, h k)=(0,0,0,0) but
(a+g,b,f)#(0,0,0),then Der ¢ = IE.
(V) If & hasTable(T,,) and (c, d, h,k)#(0,0,0,0),then Der €&t ={0}.

4, GENERATORS FOR DIVISION ALGEBRAS

Y et another approach to classification counts the minimum number of eements in
an agebra such that linear combinations of their products generate the entire
algebra.

DEFINITIONS. Thenullity of anagebra € isthe minimum number of generators
of €. Analgebra € withidentity isquadratic if for each x in €, {1, x, x&
islinearly dependent.

THEOREM 4.1 Any four-dimensional |eft (C-associative rea division algebrathat is
not the quaternions has nullity one.
Proof. See Theorem 5.4 in [4].

THEOREM 4.2. Suppose € isamiddle C-associative division algebra with Table
(Tw)- Thenfollowing are equivalent

() b=c=d=0;
(i) @ isquadratic;
(iif) € isanullity-two algebrawith identity;

(iv) € ispower associdtive.

Proof. See Theorem 5.2 in [5].
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Thereisa large class of algebras satisfying the conditions in Theorem 4.2. Note
that if wetake b=c=d=h=k=0 anda=-g=-1 inTable (T,), then the
quartic in the division algebra condition is smply P(u) = (u + 1)% Hence, such
algebras are always division algebras regardless of the choice of f. If f =0, we
obtain the quaternion algebra. Otherwise, we obtain a nonassociative algebra by
Theorem 1.6(vi).

5. INTERSECTIONS WITH OTHER CLASSES OF DIVISION ALGEBRAS

Over the past dozen years other types of four-dimensiona rea division agebras
have been discovered. In this section we summarize the relationship of the
(C-associative algebras to two of these classes. rotational scaled quaternion
algebras and fused algebras.

DEFINITION. [8] A rotational scaled quaternion algebrais afour-dimensional red
algebrawith basis {a;, a,, a5, a,} with respect to which it has the table

ay a, Qg a,

a, | qo, ra, uol, uo,

(T) a, | sa, tay va,  -vdg
a; | wag xo,  yd, za,

a, | wa, -xag -za,  yo,

THEOREM 5.1. A rotational scaled quaternion division algebrais left or right
C-associativeif and only if it isthe quaternion algebra.
Proof. See Theorem 6.1 in [4].
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THEOREM 5.2. Thealgebra €1 is afour-dimensiona rotationa scaled quaternion
middle C-associative division algebraif and only if €1 hasatable of the form:

& =l & & &
(Tr& m) & ) € € &
& & €4 © 26,
& € & R €
where z > 0.

Proof. See Theorem 6.1in[5].

DEFINITION [7]. Suppose @ = (R2%,*) and ® = (IR2, ») are two-dimensional
real agebras with the following multiplication tables with respect to a basis {u, v}
for R2

. u v
vl u a,u+byv  a,utbpv
Vv ayu+b, Vv a,U+b,,Vv

00 u \'
# u Cyu+dyv  Cpu+dpv

Vv Cyu+ d,v Cpru+ d,,v

By analogy with Dickson's construction [9], we define multiplication on the direct sum
@ O ® by

(@,)©,0)=(@"y-Boo da-d+Po V)

With thismultiplication the direct sum € 0O @ iscalled afused algebra, and it is
easy to write the multiplication table for it with respect to the ordered basis

{(u, 0), (v, 0), (0, u), (0, V)}.

Suppose @ is a fused division algebra, which also sdatisfies a least one
C-associative condition. Then € has an identity which must be its only
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idempotent. Thus span{ (u, 0), (v, 0)} isatwo-dimensional division algebra with
identity, and henceis isomorphic to ©. It follows that by careful selection of u
and v wecanfind atablefor ¢ of theform:

© & &
X © & &
(T) € & &

Cpe3+dpe € -Cpp€ - 01,8
Cpe;tdye © -C»® - 0,8

From [7], thisalgebraisadivision algebraif and only if

L PP @
L PP PP

The following results, proved in [4], describe the overlap between fused and right
or left C-associative algebras and classify these overlapping algebras. It turns out
there are no strictly middle (C-associative fused division algebras. See Theorem
6.3 in [5].

THEOREM 5.3. A fused division algebra with table (Tf*) is left C-associative if
and only if d;, =-1,c;, =-d,,, and c,, =1 +¢;,2.
Proof. See Theorem 6.2in [4].

THEOREM 5.4. A fused division algebra with table (Tf*) is right C-associative if
andonly if d;, =-1.
Proof. See Theorem 6.5in [4].

The following corollaries are respectively corollaries 6.3, 6.4, 6.6, and 6.7 in [4].

COROLLARY 5.5. A fused left (C-associative division algebra € with table
(Tf*) is right T-associative; € is fully C-associative if and only if it is the

quaternion algebra.
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COROLLARY 5.6. Fused left C-associative division algebras ¢ and %@ with
tables of the form (Tf*) with parameters ¢, and c,,’, respectively, are

isomorphicif andonly if ¢, =+c;,".

COROLLARY 5.7. A fused right C-associative divison algebra € with table
(T¢) is
() left C-associativeif and only if ¢;, =-d,,, d;, = -1, and
Cp =140

(i) middle C-associativeif andonly if ¢, =d,,, d;, =-1,
and C,, = 1

(i) fully C-associativeif andonly if ¢, =d,, =0,d;, =-1, and
Cp, =1 (so @ isthequaternion algebra).

COROLLARY 5.8. Fused right C-associative division algebras € and @ with
tables of theform (T¢") areisomorphicif and only if

0] (Cpp, dyy) =%(cy,', dy,") and c,, =Cy," Or
(i) (Cp,dyy) =(0,0) and c,, =1/c,".
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