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          Sometimes the pigeonhole principle (PHP) is used to prove a result in graph
theory.  Theorem 0  is a famous, well-known example.

Theorem 0     ( Ramsey’s Theorem ) If the edges of a  K6  are colored with red and
                       blue then there is a  K3  subgraph which is either all red or all blue.
                       ( see page 248,  [1] )

          There are many other elegant applications of the pigeonhole principle ( e.g.,
see  [1], [2], [3] and [4] ).  Here are some novel graph theory interpretations
of a few of these PHP results.

Theorem 1     Given any sequence of  n complete graphs  G1, G2, G3, ..., Gn

                       ( not necessarily isomorphic ) there exist a consecutive subsequence
                       Gk+1, Gk+2, Gk+3, ..., Gm  and an integer  c ( 1  ≤  c ),  such that,  the
                       join of  this subsequence is isomorphic to the join of  c copies of  Kn.

                       ( see page 125,  [2] )

Theorem 2     Given the sequence of  complete graphs   K1, K2, K3, ..., K2n

                       then in any subsequence ( not necessarily consecutive ) of
                       ( n + 1 ) of these graphs there exist two complete graphs  Ki   
                       and  Kj  within that subsequence and  an integer  c ( c > 1 ),
                       such that,  Ki  is the join of  c copies of  Kj.

                       ( see page 123,  [2] )

Theorem 3     Given the sequence of  m ( m odd )  full complete binary trees
                       T1, T2, T3, ..., Tm  with Ti of depth ( i - 1 ), there exist an integer
                       n   ( 1 ≤  n  ≤  m ),  such that,   m   card ( V ( Tn ) ).
                       ( see page 247,  [3] )



Theorem 4     Given any sequence of   m  =  n2 + 1  non-isomorphic paths
                       G1, G2, G3, ..., Gm   there is a ( not necessarily consecutive )
                       subsequence of paths G′1, G′2, G′3, ..., G′n+1 , of  size  ( n + 1 )
                       such that, either   G′ i is a subgraph of  G′ i+1 for all  1 ≤  i  ≤  n
                                       or     G′ i is a supergraph of  G′ i+1 for all  1 ≤  i  ≤  n.
                       ( see page 247,  [1] )

Theorem 5     Given any sequence of  nontrivial path graphs G1, G2, G3, ..., Gm

                       ( not necessarily isomorphic ) with lengths at most n  and another
                       sequence of nontrivial path graphs H1, H2, H3, ..., Hn  ( not
                       necessarily isomorphic ) with lengths at most m,  ∃  p, q, r, s
                       such that, the consecutive subsequence Gp, Gp+1, Gp+2, ..., Gq

                       and the consecutive subsequence  Hr, Hr+1, Hr+2, ...., Hs,
                       are such that,  the concatenation of  the first sequence
                       Gp ⊕  Gp+1 ⊕  Gp+2 ⊕  ... ⊕  Gq  is isomorphic to the
                       concatenation of  the second sequence
                       Hr ⊕   Hr+1 ⊕  Hr+2 ⊕  ... ⊕   Hs. ( see page 190,  [4] )

Theorem 6     Let  Cn  ( n ≥ 3 ) be a cycle graph and let G be any proper subgraph
                       of  Cn  with  n  vertices.  If the number of edges in G  exceeds
                      ( k - 1) n / k  then  ∃   a path graph  Pk+1 which is a subgraph
                       of  G  with  k edges. ( see page 192,  [4] )

Corrolary 7   Let  Cn  ( n ≥ 3 ) be a bi-chromatic cycle graph  with  r > 0  red
                      egdes and  b > 0  blue egdes (  r + b = n ) and let G be any
                      proper subgraph of  Cn  with  n  vertices and  gr  red edges and
                      gb  blue edges ( gr + gb  ≤  n - 1 ).
                      If   gr >  ( kr - 1) n / kr    then  ∃   a path graph  Pkr +1,  a subgraph of
                      G  with  kr  red edges  and
                      if   gb >  ( kb - 1) n / kb    then  ∃   a path graph  Pkb+1,  a subgraph of
                      G  with  kb  blue edges.

Theorem 8     If  Mn,n  is an  n by n  mesh graph on  n2  vertices with
                       vertices labeled arbitrarily with values  1, 2, 3, ...,n2,
                       and each edge uv weighted   u - v ,   then  ∃   an edge
                       with weight at least n . ( see page 194,  [4] )
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